When two equal photon-number states are combined on a balanced beam splitter, both output ports of the beam splitter contain only even numbers of photons. Consider the timereversal of this interference phenomenon: if a pair of photon-number-resolving detectors at the output ports of a beam splitter both detect the same number of photons, then the input of the beam splitter is projected onto a state with only even photon numbers. Here, we propose using this even-parity projection to engineer quantum states containing only even photonnumber terms. As an example, we demonstrate the ability to prepare superpositions of two coherent states with opposite amplitudes, i.e. Schrödinger cat states. Our scheme can prepare cat states of arbitrary size with nearly perfect fidelity. Moreover, we investigate engineering more complex even-parity states such as four-component cat states by iteratively applying our even-parity projector. These states are of particular interest for quantum computing since they can encode quantum information in a fault-tolerant manner.
Introduction
The number of excitations in an optical field determines a fundamental property known as parity. If a field has an even (odd) number of photons, it is said to have even (odd) parity. With the exception of the vacuum state, fields in classical (e.g. coherent, thermal) states possess uncertainty in their parity, i.e. they have a non-zero probability to have both even and odd photon numbers. Conversely, states of light with a definite parity have non-classical features. For example, squeezed vacuum is a superposition of only even photon numbers and has reduced quantum fluctuations in its electric field compared to classical light [1] . This reduction in noise makes squeezed vacuum a valuable resource for optical quantum information processing [2, 3] and quantum sensing [4] . Other notable examples of definite parity states that have found uses in quantum technologies include Schrödinger cats [5] [6] [7] , Holland-Burnett [8] , and Gottesman-Kitaev-Preskill states [9] . The ability to prepare these and other definite parity optical states in a scalable and robust manner is highly desirable for developing quantum technologies.
On-demand manipulation of the parity of an optical field is not an easy task since it requires nonlinearities at the single-photon level. One way to achieve these non-linearities is to couple the field to atoms [10] [11] [12] [13] . An alternative approach is to perform a measurement (e.g. photon number, quadrature) on one subsystem of an entangled state to conditionally prepare the state of the other subsystem. Because this approach is easier in practice, there have been many proposals and experimental demonstrations of measurement-based state engineering [14] [15] [16] [17] [18] [19] , including those focusing on Schrödinger cat states [7, [20] [21] [22] [23] [24] [25] [26] [27] . However, the measurement in most of these schemes is performed by binary "click" detectors which cannot distinguish between one and many photons.
Thanks to recent advances in detector technology, it is now possible to count the number of photons in an optical field using photon-number-resolving detectors [28] . This advancement enables new state engineering schemes that exploit the number resolution of such detectors. Some proposals in this direction, employing multi-photon subtraction [29] , addition [30] , and catalysis [31] [32] [33] , have been developed recently.
In this paper, we propose a novel scheme to engineer a broad class of even-parity states using photonnumber-resolving detectors. We first construct a measurement device that projects its input onto an even-parity state whose photon-number coefficients are controlled by an ancilla state. We refer to this measurement device as an "even-parity projector". Then, by applying the even-parity projector to one of the modes of a two-mode squeezed vacuum state, we produce an even-parity state |ψ in the second mode. We show that for an ancilla in a coherent state of amplitude β, the produced even-parity state is a symmeterized version of the ancilla, i.e. |cat β = N (|β + |−β ), where the two phase-conjugated coherent states, |β and |−β , play the role of the "alive" and "dead" cats in Schrödinger's famous Gedankenexperiment [34] . Cat states have been extensively studied in quantum physics due to their foundational importance and their applications in quantum information processing [7, 22, 23, 27, 35] . In principle, our procedure can prepare arbitrarily large cat states with (grey area) with the odd photon-number terms eliminated. The grey line shows the matrix element |Aj,n| 2 connecting the beam splitter input to the state |n, n upon which its output is projected via Eq. (4). Note that the distributions are discrete and the lines are merely to guide the eye.
nearly perfect fidelity. Furthermore, we also investigate engineering four-component cat states which can encode quantum information in a fault-tolerant manner [36] [37] [38] [39] .
An even-parity projector
We begin by describing the even-parity projector. The measurement device is shown in the grey box of Fig. 1(a) . An "input" stateρ is combined with an ancillary "control" state |φ on a balanced beam splitter. We assume thatρ is arbitrary. The control state is a general pure state, which can be written in the photon-number basis as
with m |c m | 2 = 1. The outputs of the beam splitter are then sent to photon-number-resolving detectors which we assume to have perfect efficiency for now. The joint probability to measure n photons in both output ports, i.e. the outcome (n, n), is given by
whereÛ is the balanced beam splitter unitary operator. Re-writing Eq. (2) as pr(n, n) = χ|ρ|χ , it is clear that the measurement device projects the input stateρ onto the state |χ when the detection outcome is (n, n). This unnormalized state is given by
where
is the matrix element of the beam splitter operator [40] . As one might expect, |χ depends on the photon-number coefficients c 2n−j of the control state. Perhaps more surprisingly, |χ consists only of even photon-numbers. This effect can be understood by considering our device in reverse. When |n, n impinges on a beam splitter, a pairing interference effect causes both output ports to only contain evenphoton numbers, much like in Hong-Ou-Mandel interference [41] . This even-parity stateÛ |n, n was first discussed in Ref. [42] but is commonly referred to as the Holland-Burnett state after the work of Ref. [8] .
By post-selecting the beam splitter output on |n, n , our measurement device projects the two-mode input of the beam splitter onto the Holland-Burnett state with the decomposition into the photon-number basis given by Eq. (4).
In our case, one of the inputs of this projector is the control state |φ . As a result, the other input, ρ, is projected onto an even-parity state |χ whose photon-number coefficients are determined by c 2n−j of the control state as well as A j,n of the HollandBurnett state.
Importantly, the latter coefficients are largely constant for j values near n. This can be seen by applying Stirling's approximation to Eq. (4):
where in the second line we Taylor expanded A j,n to second order around j = n. In other words, if j − n ∼ √ n (which is relevant to the practical case discussed below), the relative variation of A j,n is on a scale of 1/4n.
In Fig. 1(b) , we plot the photon-number distribution of the projected state |χ when the control state is a coherent state |β with |β| 2 = n = 20. This example is of particular interest since |χ is approximately the symmetrized version of the control state, i.e. |χ ≈ |β + |−β , a Schrödinger cat state. This symmetrization occurs for two reasons. Firstly, the photon-number distribution of |β is centered and localized on the flat portion of the photon-number distribution of the Holland-Burnett state, as shown in Fig. 1(b) . Secondly, the photon-number distribution of |β is approximately symmetric about the detection outcome n = 20, i.e. c j ≈ c 2n−j . As a result, the state |χ is given by eliminating the odd photon- number terms of |β while leaving the even terms approximately unchanged. We discuss the preparation of cat states using our even-parity projector in more detail in Sec. 3.1.
Detection efficiency
We now consider the effects of imperfect detection efficiency on our scheme. Suppose both photon-numberresolving detectors in Fig. 1(a) have an efficiency η d . Given the outcome (n, n), the device projects the input stateρ no longer onto a single state |χ , but rather onto a statistical mixture of states. This measurement is described by an element of a positive operatorvalued measure (POVM). We derive an expression for this element,Π(η d ), in Appendix A.
In Fig. 2(a) , we plot the photon-number distribution of the imperfect even-parity projector, pr(j) = j|Π(η d )|j when n = 20 and c m = 1 for all m, i.e. a control state with a flat photon-number distribution. Odd photon-number terms quickly begin to contribute to pr(j) for η d < 1. To further quantify the effect of loss, we numerically compute 1 the fidelity betweenΠ(η d ) and the desired even-parity projector |χ χ| using F = χ|Π(η d )|χ [ Fig. 2(b) ].
We see that F depends strongly on detection efficiency, however less so for smaller n values. This is expected since the probability of the detectors having under-counted at least one photon scales as (1 − η)n, and hence the effects of imperfect efficiency begin to kick in for (1−η)n 1. As a point of reference, stateof-the-art transition edge sensor detectors can detect up to ∼ 20 photons with > 95% efficiency [44] . 
Even-parity state engineering
In the form discussed so far, the even-parity projector cannot be used for state engineering since the projected state |χ is destroyed upon detection. Consider instead the scheme shown in Fig. 3 . The idea is to use an entangled resource to remotely prepare a (possibly imperfect) copy of the state |χ in a separate mode. We begin with a two-mode squeezed vacuum state,
where λ is the squeezing parameter (which we assume to be real without loss of generality). By sending one of the modes of |Ψ to the even-parity projector, the second mode is projected onto the unnormalized state
Note that |ψ is the same as |χ except for the factor of λ j inside the summation due to the finite squeezing, i.e. λ = 1. In some cases, it is possible to compensate this effect of finite squeezing when λ is known by changing the control state coefficients {c m } appropriately. In the next section, we use this idea to prepare cat states.
Two-component cat states
Suppose we wish to prepare the even two-component Schrödinger cat state |cat β = N (|β + |−β ) , where
is the normalization factor. Naively, one might think that applying the evenparity projector with the control state |φ = |β would be the optimal choice to prepare |cat β . However, while the projected state |χ would closely resemble |cat β , the remotely prepared state |ψ would not have the desired photon-number distribution in the realistic scenario of finite squeezing. As mentioned earlier, one can generally compensate for this effect by carefully choosing the control state coefficients. For cat states this compensation is experimentally easy since one can simply choose the coherent control state |φ = |α with the amplitude α = βλ. In this case, given the detection outcome (n, n), we prepare the state
where N is the new normalization factor. To maximize the fidelity F = | ψ cat |cat β | 2 , one should generally post-select on the detection outcome n to be the closest integer to |β| 2 . This condition ensures that the photon-number distribution of |ψ cat is centered on the flat portion of A j,n . In the particular case when the cat size |β| 2 is exactly an integer, i.e. |β| 2 = n, the fidelity is given by
This fidelity asymptotically approaches unity with increasing cat size, as shown by blue circles in Fig. 4(a) . For small |β| 2 (and hence small n), A j,n is not flat, causing the dip in the fidelity.
Further improvement of the fidelity for small |β| 2 can be obtained through numerical optimization 2 of the parameters α and n. The optimized fidelity is shown by the black line in Fig. 4(a) . The small oscillations are due to discrete nature of the parameter n.
The effect of imperfect detectors on F can be numerically calculated usingΠ(η d ), as discussed in Sec. 2.1. The result is shown in Fig. 4(b) . 2 The optimization algorithms used Scipy's function optimize.minimize with the default BFGS method. Since our scheme requires post-selecting onto a single outcome (n, n), it is important to consider the scaling of the probability of successfully preparing |ψ cat , which is given by pr(n, n) = χ|Ψ
This probability depends on both β and λ since these parameters determine the number of photons after the beam splitter. In fact, there is an optimal choice for λ that maximizes pr(n, n) given a desired cat size |β| 2 . We numerically determine this optimal λ by finding where the derivative of pr(n, n) with respect to λ vanishes [red dashed line in Fig. 4(a) ]. We find that pr(n, n) scales as ∼ |β| −5/2 which sets the fundamental limit on the success rate of our scheme. Such decrease of the success rate with the cat size is a typical feature of post-selected schemes for large cat state preparation [23, 27, 35] . Note the complementarity of our scheme with respect to Ref. [23] : while the latter scheme requires a non-Gaussian photon-number input state and Gaussian homodyne measurement, our scheme requires a Gaussian input state and a nonGaussian measurement.
Four-component cat states
It is possible to concatenate even-parity projectors in order to engineer more complex even-parity states, as shown in Fig. 5(a) . Here, we use such a concatenated scheme to prepare a superposition of four coherent states with equal amplitudes and equidistant phases, i.e. a four-component cat state. These provide the logical states in the fault-tolerant quantum information "cat code" [36, 37, 39] . Although four-component cat states have been studied and even experimentally generated in the microwave domain [38, 45] , to the best of our knowledge, there is no preparation scheme in the optical domain.
We begin by discussing our scheme assuming infinite squeezing, i.e. λ = 1. The finite squeezing case will be considered later. The first step is to produce a cat state |β + |−β as described in the previous section. Next, we displace this cat state by β in the direction perpendicular to the axis of the cat, i.e. apply the displacement operatorD(iβ):
Finally, we apply the even-parity projector on |ψ iii . Using |ψ iii as the control state for a second evenparity projector and post-selecting on the outcome (2n, 2n), we prepare an approximate version of the state
which is the desired four-component cat state. It should be noted that the phase term e −i2|β|
2 is determined by the size of the cat and cannot be independently controlled in our scheme. We numerically simulated this procedure and plot the Wigner function of the state after each required step in Fig. 5(b) .
The fidelity of the final state with |ψ iv as a function of its size is shown in Fig. 5(c) . The behavior is similar to that to two-component cats studied above. That is, the fidelity asymptotically approaches unity with increasing |β| 2 , but shows a dip for small |β| 2 due to variation of the Holland-Burnett state coefficients A j,n .
We now consider the case of finite squeezing, i.e. λ < 1. If we were able to prepare a perfect twocomponent cat at stage (iii), the effect of finite squeezing on |ψ iv could be compensated by appropriately choosing the amplitude and displacement of that cat. However, unlike the first control state, this second control state is imperfect, which prevents the compensation from working properly for the following reason. When λ < 1, the values of j corresponding to the most significant coefficients of the heralded state's photonnumber decomposition (7) are shifted with respect to the center of the control state's photon-number decomposition, towards lower j. In other words, |ψ iv is mainly determined by the photon-number coefficients c 2n−j in the tail of the distribution of |ψ iii . While the fidelity of |ψ iii is determined by its most significant photon-number coefficients, and increases with its size, the errors in the tail region of the distribution remain roughly constant. As a result, the fidelity of the final state depends on the squeezing parameter, as shown in Fig. 5(d) . That is, high-fidelity compensation appears to be possible only above a squeezing level of about 12-13 dB, independent of the cat size.
Summary and outlook
To summarize, we devised an even-parity projector by exploiting the interference phenomenon that leads to the production of Holland-Burnett states in a timereversed fashion. The even-parity projector is controlled by varying the photon-number distribution of an ancillary control state. When this ancilla is in a coherent state, we showed that one can prepare Schrödinger cat states of arbitrary size with nearlyperfect fidelity. In practice, the size of the cat is limited by the dynamic range of photon-number resolving detectors and the linear optical losses. Since these can detect up to ∼ 20 photons with up to 95% efficiency [28] , we believe our scheme provides a promising route for preparing larger-scale cats in an experiment [46] . Finally, we showed the ability to engineer more complicated superpositions of coherent states that can encode quantum information in a fault-tolerant manner.
While this work focused on engineering superpositions of coherent states, our even-parity projector can prepare a wide range of even-parity states by using different types of control states. For instance, it is straightforward to show that squeezed cats can be produced by using a control state in a squeezed coherent state, which, in turn, can be utilized to prepare Gottesman-Kitaev-Preskill states [9, 47] . Additionally, the use of photon subtraction or addition operations together with our scheme enables the preparation of odd-parity states.
A Imperfect detection efficiency
Here, we derive the positive-operator valued measure element of the even-parity projector with imperfect detectors. That is, we look forΠ(η d ) such that pr(n, n) = Tr Π (η d )ρ .
We model the imperfect detector efficiency by placing a fictitious beam splitter of transmissivity η d before each detector. We then compute the probability of there to be n photons in both transmitted modes when tracing over the reflected modes. This probability can be obtained by performing a Bernoulli trans-formation on Eq. 
Combining Eqs. (12) and (13) and using the cyclical property of the trace, we find
where |χ (x,y) = φ|Û |x, y , which is a generalization of Eq. (3).
